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Abstract
Because quantum measurements have probabilistic outcomes they can seem
to violate conservation laws in individual experiments. Despite these appear-
ances, strict conservation of momentum, energy, and angular momentum can
be shown to be consistent with the assumption that the entangling interactions
that constitute measurements induce a real collapse of the wave function. The
essential idea is that measured systems always have some pre-existing entan-
glement relations with (usually larger) systems, and that apparent changes in
conserved quantities in the measured system are correlated with compensating
changes in these larger systems. Since wave function collapse is mediated by
entanglement relations a full accounting of the relevant quantities requires a
computation over all interacting, entangled systems. The demonstrations by
Gemmer and Mahler[1], and by Durt[2,3], that entanglement is a generic result
of interaction are central to the argument. After briefly reviewing the status
of conservation laws in various interpretations of the quantum measurement
process I present a stochastic collapse equation that insures conservation of the
relevant quantities in all situations that are subject to experimental verification.
1 Introduction
Symmetries insure that the total momentum, energy, and angular momentum of a
closed physical system are strictly conserved under unitary evolution. But when
measurements intervene, the seemingly nonunitary changes in the state of the sys-
tem can appear to violate the standard conservation laws in individual experiments.
The range of responses to this situation has included denials that the apparently
nonunitary changes are genuine physical occurrences, assertions that the uncertainty
principle renders the violations innocuous, and claims that the conservation laws hold
only statistically and that the relevant quantities are conserved when experimental
results are averaged over a large enough set of similar cases.
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This note presents a reevaluation of the status of the conservation laws based
on the assumption that the apparent collapse of the wave function associated with
measurement is a real, nonlocal occurrence that is induced by the kinds of entangling
interactions that constitute measurements. I argue that when all relevant entangle-
ment relations are taken into account, it can be seen that the conservation laws are
respected in individual cases. The argument turns on considering both the entan-
glement relations of the measured system generated during the measurement process
and those resulting from prior interactions. It relies heavily on the demonstrations by
Gemmer and Mahler[1] and by Durt[2, 3] that entanglement is a generic result of any
interaction between systems. These demonstrations have important implications for
how one should frame the question of whether quantities such as momentum, energy,
and angular momentum are conserved in measurement processes. Given the web of
entanglement relations that must be taken into account in these situations, they imply
that the “total system” over which the relevant quantities are computed must include
all subsystems that have interacted with the measured (sub)system in a significant
way, including any preparation apparatus. So, for a typical “conserved” quantity, q,
associated with the observable, Q, its value should be calculated as q = 〈ψ†| Q|ψ〉,
where ψ is taken to represent the total system (measurement instrument, prepara-
tion apparatus, the measured (sub)system, and possibly others). The question of
conservation then becomes whether qfinal can be made arbitrarily close to qinitial by
considering all relevant systems and taking into account enough history. I will argue
that conservation does, in fact, hold in this sense.
It is important to emphasize that the quantity, q = 〈ψ†|Q|ψ〉, usually described
as the “expectation value”, provides a perfectly good method for assigning values of
conserved quantities to all (pure) quantum states - not just to those that happen
to be eigenstates of the relevant observable. Given the fact that elementary systems
are almost invariably entangled to some extent with other systems both before and
after they undergo measurement, one cannot, strictly speaking, even attribute a state
to them without reference to those other systems. So the idea that conserved quan-
tities can only be attributed to systems in (factorizable) eigenstates is completely
inadequate for analyzing the status of conservation laws in quantum theory.
The assumption that wave function collapse is a real (nonlocal) effect, and that
it is induced by measurement-like interactions is crucial to the argument developed
here. It is important to emphasize that collapse involves a network of entangled
subsystems - not just an isolated elementary system in a product state. It is mediated
by entanglement relations, and when it occurs it collapses the entire wave function
to one of its branches. The branches are defined by the correlations of the quantities
that have been exchanged in the interactions that generated the entanglement. The
change of state brought about by the elimination or enhancement of a branch alters
the physical record of the exchanges that have taken place. The record that remains
shows a history of exchanges that is completely consistent with the conservation of
the relevant quantities.
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Although a number of proposed stochastic collapse equations predict violations of
energy conservation associated with the localization of the measured (sub)system1,
it is possible to develop an equation that fully respects the conservation laws. This
is the reason for the assumption that collapse is induced by interactions with the
measuring apparatus (or other measurement-like interactions).2 This insures that
the increase in energy associated with the localization is obtained at the expense of
the apparatus, and not from some unknown source. To implement this idea I propose
a collapse equation with a stochastic operator based on the interaction potentials.
The structure of the argument is as follows. Section 2 examines the reasons that
measurements appear to violate conservation laws. Section 3 illustrates the main
argument of the paper with several examples. It examines the often hidden entan-
glement that results from an interaction between a microscopic and a macroscopic
system (such as a preparation apparatus), and attempts to show that this very small
amount of entanglement is sufficient to insure that conservation laws are respected in
individual cases when measurements induce the collapse of the wave function. Sec-
tion 4 generalizes the argument by examining the evolution of interacting systems
in configuration space. In Section 5 various views on what happens during quantum
measurements are evaluated against the requirement that momentum, energy, and
angular momentum should be strictly conserved in all circumstances. I argue that
this requirement strongly suggests that measurement-like interactions induce a real,
nonlocal collapse of the wave function, and that it also leads to a specific form for
the stochastic collapse equation that connects collapse to elementary processes. The
argument is summarized in Section 6.
2 Apparent Changes in Conserved Quantities dur-
ing Measurements
In a very interesting recent article Aharonov, Popescu, and Rohrlich (APR)[5] identify
one of the main reasons that measurements often appear to violate conservation laws.
They say:
“That paradoxical processes must arise in quantum mechanics in connec-
tion with conservation laws is to be expected... measurable dynamical
quantities are identified with eigenvalues of operators and their corre-
sponding eigenfunctions are not, in general, localized. Energy, for ex-
ample, is a property of an entire wave function. However, the law of
1See [4] and references cited therein. A more comprehensive list of references is given in Section
5.
2The term, “apparatus”, will be used throughout this paper to designate the (usually large)
system that induces the collapse of the wave function, whether it is a laboratory instrument or
a naturally occurring system. Similarly, the term, “measurement”, will be used to describe any
collapse process, whether induced in a laboratory, or a naturally occurring system of interactions.
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conservation of energy is often applied to processes in which a system
with an extended wave function interacts with a local probe. How can
the local probe “see” an extended wave function? What determines the
change in energy of the local probe? These questions lead us to uncover
quantum processes that seem, paradoxically, not to conserve energy.”
In [5] the authors present an especially striking example of the apparent violation
of energy conservation. They describe how a particle that is initially in a superposition
of strictly low-energy states can be detected in a high-energy state. Their example
will be examined in more detail in the next section. But, we can start by looking at
a simpler situation which appears to exhibit a violation of momentum conservation.
This will help to illustrate what is involved in tracking a conserved quantity through
measurement-like interactions.
Suppose that a particle that is initially localized about the origin is detected
by a measurement apparatus in a narrow region about the point, xf , at time, t.
In order to track changes in momentum it is necessary to consider the combined
system, including both the particle and the apparatus. Let us assume that the initial
momentum of both the particle and the apparatus is zero, in the sense in which
conserved quantities were defined in Section 1.3 Occasionally, confusion can arise by
focusing on the particle’s post-detection wave function. If the measurement apparatus
localizes the particle within a region of width, 2ǫ, the total range of momenta in
the particle’s subsequent wave function will be approximately ~/(2ǫ). However, this
possible change does not indicate any violation of momentum conservation because
it can be attributed primarily to the action of the apparatus on the particle. The
quantity that we are interested in is the momentum transferred from the particle
(which had initial momentum, zero) to the apparatus.
Intuitively, we expect that a particle of mass, m, traveling from the origin to a
point, xf , in time, t, will carry momentum approximately proportional to mxf/t, and
this can be shown by an explicit calculation. The question that must be addressed
regarding conservation of momentum is how a particle with zero initial momentum
can be subsequently detected with momentum, mxf/t.
To keep things simple I will consider a particle of mass, m, with a Gaussian wave
function that is centered at the origin (xi = 0) with an initial width of 2a. The wave
function corresponding to this probability distribution is ψi(x) = Ni ∗ e−
x2
4a2 . The
momentum of the wave function (as defined in Section 1) is zero:∫
dx ψ∗(x)(−i~(∂ψ(x)/∂x)) = 0 . Ni is a normalization factor. After a time, t,
the wave function will have expanded: ψt(x) = Nt ∗ e−
x2
4(a2+(it~/2m) . If the particle is
detected at time, t, in a localized region centered at xf between xf − ǫ and xf + ǫ,
the net momentum contributed by the pre-detection wave function can be calculated
by applying the momentum operator to the portion of ψt that lies within this region,
3That is, as what is usually called the “expectation value”.
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and then normalizing:
[
∫ xf+ǫ
xf−ǫ dx ψ
∗
t (x)(−i~(∂ψt(x)/∂x))] / [
∫ xf+ǫ
xf−ǫ dx ψ
∗
t (x)ψt(x)] ≈ i~ xf2(a2+(it~/2m) =
mxf
t−2ima2/~ .
Another way of deriving this expression is to expand the wave function at time, t,
in the momentum basis: ψt(x) =
∫
dp ψ(p) ∗ ei[(px/~)−(p2t/(2m~))], and then determine
which momentum eigenstates dominate the wave function at the point, x. In the mo-
mentum basis the wave function can be represented as, ψ(p) = Np ∗ e−
p2a2
~2 . Inserting
this expression into the integral we get: ψt(x) = C ∗
∫
dp e−(a
2/~2+it/(2m~))p2−(ix/~)p,
where C is a constant. We can express the integrand as a Gaussian by making the
substitution, p → p′, and completing the square of the exponent:
p′ = (
√
(2ma2 + it~)/(2m~2))p − (ix/2~)(
√
(2m~2)/(2ma2 + it~)). (2.1)
Note that p′ depends on the value of x.4 At any particular value of x the wave
function will be dominated by momentum terms centered at p′(x) = 0. Setting
p′(x) = p′(xf ) = 0, and solving for p gives p =
mxf
t−2ima2/~ , the result derived above.
This expression can also be converted into the polar form, reiθ, with θ = arctan(ma2/~t),
and r =
mxf
t
√
1+4m2a4/(t2~2)
. For elementary particles the imaginary part of either of
these formulations shrinks very rapidly with time, and we see that the expression
approaches the value that we would intuitively expect:
mxf
t
. It is worth empha-
sizing again that this quantity is the momentum contributed by the particle to the
combined particle-apparatus system. The range of momenta in the particle’s post-
detection wave function (approximately ~/(2ǫ)) is a result of the interaction between
the particle and the apparatus, and this does not raise any issue regarding momentum
conservation.
The question of why this calculation yields a complex value for a conserved quan-
tity and how to recover a real-valued result will be dealt with shortly, but first we
must address our main concern - the status of conservation laws in measurement
situations. In the example just described a particle-apparatus system with zero mo-
mentum prior to any interaction appeared to acquire a momentum,
mxf
t
, as a result of
the measurement. To account for this apparent change in a quantity that is supposed
to be conserved we need to determine what has been overlooked in the description of
the process.
The description began by simply stipulating that the particle to be measured could
be described by a Gaussian wave packet with width, 2a. This wave packet evolves to
yield a probability distribution at time, t, of ψt(x)
∗ ∗ψt(x) = N2t ∗ e−
x2
2(a2+(t2~2/(4m2a2))) .
The standard deviation associated with this expression is [a2+(t2~2/(4m2a2))]
1
2 . For
elementary particles initially localized in small regions the width of the wave function
expands extremely rapidly. For a free electron (mass ≈ 10−30kg) it would stretch
from atomic dimensions to about one meter in a microsecond.
4For convenience, p′ has been defined as a dimensionless variable (unlike p which has the dimen-
sions of momentum).
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This tells us that highly localized wave functions of free particles typically will not
occur without interacting with some large system that acts to prepare the particle
in the assumed state. This large system can be either a preparation apparatus in
a laboratory or a naturally occurring system consisting of a very large number of
particles. What has been left out of the analysis is any consideration of the possible
entanglement between the particle and the system that placed it in the “initial” state.
The main reason that one typically ignores the role of the preparation apparatus is
that the effect on the state of the apparatus by the system to be measured is extremely
small, and so the entanglement between them is also quite small. However, while this
entanglement is small it is not zero. Whenever two systems interact they have some
effect on one another. The demonstrations in [1], [2], and [3] make it clear that
entanglement is a generic result of interactions between subsystems. In particular,
any set of interactions that results in a particle being subject to clearly distinguishable
possible measurement outcomes (such as a range of different position states) generates
some degree of entanglement. When a subsequent measurement induces a collapse
of this subsystem to one of those component states, it also collapses the state of the
(often much larger) subsystem that was involved in the prior set of interactions. The
resulting state of the preparation apparatus is one that reflects only those interactions
and exchanges of momentum that are consistent with what is eventually detected by
the measurement apparatus.
The inclusion of the preparation apparatus and its entanglement relations with
the measured system is essential to evaluate the status of the conservation laws. This
also provides a resolution to the issue concerning the small imaginary component
in the value of the momentum that was calculated for the measured particle. This
component results from the fact that the preparation apparatus was not included in
the integration that yielded the result. The very small value of the imaginary compo-
nent reflects the very small degree of entanglement between these two systems. The
integration that produced the complex result covered only a small portion of the ini-
tial wave function. Over such limited intervals the initial eigenfunctions can interfere
constructively or destructively; their orthogonality is not manifest. Subsequent to the
collapse, there is still some residual entanglement with the preparation apparatus. A
complete integration would take this into account.
Of course, many would dismiss the concerns raised in this section by arguing that
specific values of momentum can only be ascribed to eigenstates of the momentum
operator, or by claiming that one should only expect the conservation laws to be
observed when results are averaged over a large number of similar experiments. But
the argument here is intended to show that we can apply a much stricter standard
- that conservation laws are respected in individual instances. In the sections that
follow I will try to show that it is possible to maintain these laws not only under
unitary evolution, but also in measurement situations.
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3 Collapse and Conservation: Examples
In this section I will present a few examples to illustrate, in qualitative terms, how
conservation laws can be shown to be fully respected in measurement processes by
treating both the preparation and measurement apparatus as quantum systems and
taking account of the entanglement relations between them and the measured system.
We can begin with a situation involving conservation of momentum.
When a photon is reflected from the surface of a mirror there is an exchange of
momentum. The states of both systems are changed from what they were prior to the
interaction. This is very obvious for the photon, but it is almost entirely hidden for
the mirror. If the mirror is a component of a beam-splitter that partially transmits
the photon and partially reflects it, then the interaction results in some entanglement
between the photon and the beam-splitter. Designate the branch of the photon that
undergoes the reflection as |γr〉 and the transmitted branch as |γt〉. The beam-splitter
state prior to the reflection can be labeled |B0〉, and the (very slightly) altered states
brought about by the interaction can be labeled |Br〉 and |Bt〉. The resulting entangled
state can be represented as (1/
√
2)(|Br〉|γr〉 + |Bt〉|γt〉) (assuming equal amplitudes
for the two branches).5
The photon and the beam-splitter states almost factorize because there is very
little difference between the resulting beam-splitter states: |〈 Br |Bt 〉| = 1−δ, where
δ ≪ 1. But the fact that the overlap between the beam-splitter states is not complete
means that there is some nonzero entanglement. In order to illustrate this an explicit
calculation of the entanglement between the photon and the beam-splitter is given in
the appendix (using the relative von Neumann entropy as an entanglement measure).
For very small δ the entanglement can be approximated as (δ/2)[1− ln(δ/2)]. Since
entanglement is what mediates wave function collapse, if the reflected branch of the
photon is subsequently detected, the detection collapses not only the photon wave
function, but also the state of the mirror/beam-splitter which initially separated the
two photon branches. If we include the detector, |D〉, in the description, the collapse
can be represented schematically as:
(1/
√
2)(|Br〉|γr〉 + |Bt〉|γt〉)⊗ |D0〉 =⇒ |Br〉|γ′r〉|Dr〉 (where |γ′r〉|Dr〉 represents the
absorption of the reflected branch of the photon by the detector).
The difference in the states of the preparation apparatus is, of course, completely
unobservable in practice. However, the point is that the difference in the momenta
of the two photon branches originated in the exchange of momentum with the much
larger system. These types of exchange create very small differences in the states of
macroscopic systems. When the collapse of the wave function transfers all amplitude
out of one state and into another, it eliminates any physical trace of the momentum
5For the most part this argument will deal with the issue of conservation laws in nonrelativistic
quantum theory. However, for the essential aspects of entanglement exhibited in these simple sorts
of exchange interactions, the relativistic nature of the photon and the technical complications in
defining photon wave functions are irrelevant.
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correlation between the undetected branch of the photon and preparation apparatus,
and it enhances the exchange that provided momentum to the branch that is detected.
In other words, the momentum apparently lost from the branch that has disappeared
is effectively transferred back to the system with which it had previously interacted,
and the “extra” momentum gained by the branch which has had its amplitude en-
hanced is paid for by the enhancement of the correlated state of the larger system(s)
with which it has interacted. The total momentum of the combined system consist-
ing of beam-splitter, photon, and detector is the same after the collapse of the wave
function as it was before the interaction between the photon and the beam-splitter.
The collapse effects will actually extend even further since macroscopic systems,
such as B, will have also interacted with their environments and become entangled
with them. But this additional exchange of conserved quantities does not affect
the essential point. There will also be residual entanglement relations between the
measured system and systems with which it has interacted prior to encountering the
preparation apparatus. In the example just described this would include the device
that emitted the photon. The effects on the states of these “pre-preparation” devices
will naturally tend to decrease as one goes farther back in the entanglement chain.
Later changes must be consistent with the pre-existing state, and, as these earlier
systems develop new entanglement relations, the effects mediated by older, residual
relations will diminish.6
A couple of key aspects of this example should be noted. First, the manner
in which the relevant quantities are conserved is nonlocal, as is to be expected in
situations involving wave function collapse. Initially, one might be concerned that
such nonlocal changes in momentum or other conserved quantities might lead to
superluminal signaling, since a measurement in one location can change the state
of a distant system. The answer to this is that such changes can only be detected
by a measurement on the system whose state has been changed. This “second”
measurement is itself capable of bringing about the collapse to the observed state; so
no information about whether a distant measurement has occurred can be acquired.
Secondly, in order to determine whether a particular quantity is conserved in a
given situation, one must track exchanges of that quantity. This implies that both
microscopic and macroscopic systems (including any preparation apparatus) must be
described in strictly quantum terms, with no classical interface or boundary. It also
implies that the only potentials in the Hamiltonian should be interaction potentials.
When these conditions are not observed apparent paradoxes can arise. The paper of
Aharonov, Popescu, and Rohrlich[5] mentioned earlier illustrates this point.
The example presented by APR consists of a particle in a box that has been pre-
pared in a very special superposition of low-energy states which generate superoscil-
lations. These special states are characterized by the fact that, over limited intervals,
they can oscillate arbitrarily faster than the fastest Fourier component. The authors
6This point will be argued more formally in the next section.
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describe the situation as a low-energy particle that looks like a high-energy parti-
cle in the center of the box. Initially, the box is completely closed, but an opening
mechanism slides along the top of the box, and inserts a mirror for a very short time,
possibly allowing high-frequency segments of the wave function in the exposed region
to escape. This action results in some (very small) probability that the particle can
be detected in a high-energy state outside the box. The detection of an initially low-
energy particle in a high-energy state constitutes the apparent paradox. The example
is carefully constructed to eliminate obvious sources for the extra energy. The en-
ergy of the opener is essentially unchanged, and correlations between the opener and
particle are minimized. The opening mechanism is the only system in the example
other than the particle that is treated as a quantum system. Since it does not supply
the extra energy, and since the total Hamiltonian is time-independent, APR pose the
question of where the particle’s energy comes from.
The question of where the extra energy comes from is particularly puzzling because
the particle is detected in a high energy eigenstate that was totally absent from the
initial wave function. This is what distinguishes this case from the simpler example
of a spreading Gaussian wave packet discussed earlier. The very unusual feature of
the Hamiltonian that makes this possible is that it allows the opener to act on the
external potential. In other words, it allows a quantum subsystem to act on a classical
system - the box.
Of course, the action of one system on another implies that there must be an
interaction between them. This interaction leads to some entanglement, and this is
why the box must be treated as a quantum system. It is also true that, although the
entanglement between the particle and the opening mechanism mirror is minimal,
it does play a role in the evolution of the system. The entanglement chain enables
the opener to serve as an intermediary, transferring energy from the box (and the
preparation apparatus) to the particle. The “extra” energy supplied to the particle
comes at the expense of the box and the preparation apparatus. The very slight
changes in the states of these macroscopic systems that result from the collapse of
the overall wave function are completely adequate to account for a substantial increase
in energy by the elementary system.
The ingenious way in which the APR example is constructed helps to bring into
sharp focus the kinds of apparent paradox that can arise in these situations. However,
even though the potential for paradox is often hidden, it is a generic feature of situ-
ations that are described with a combination of classical and quantum systems. This
was pointed out by Gemmer and Mahler[1]. They emphasize that a full description of
these types of cases would recognize the entanglement between the microscopic and
macroscopic systems:
“Thus it is, strictly speaking, unjustified to describe a particle in a box,
which is part of an interacting quantum system, by a wave-function” (ital-
ics added).
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Of course, such combined quantum-classical descriptions are extremely useful for
several purposes. Since the amount of entanglement between the microscopic and
macroscopic systems is so small, key aspects of the situation can be presented more
clearly. In addition, the mathematical treatment can be greatly simplified by the use
of factorizable approximations. Both Gemmer and Mahler[1], and Durt[2, 3] examine
these approximations in some detail. In [1] the authors develop an estimate for the
error involved in using the product state description. They derive an expression for
the inner product between the approximate and exact quantum states and relate
it to the purity, P , where their entanglement measure is defined as 1 − P .7 Their
relationship between the inner product and entanglement is generally similar to the
example calculation given in the appendix, although their entanglement measure is
somewhat different from the relative von Neumann entropy.
The relationship between entanglement and factorizability has been examined
from a somewhat different perspective by Dug´ıc, Jekn´ıc-Dug´ıc, and Arsenijev´ıc,[6,
7], and also by Thirring, Bertlmann, Ko¨hler, and Narnhofer[8, 9]. These authors
emphasize the point that entanglement depends on the way in which a composite
system is decomposed into subsystems. In [8] it is shown that (pure) entangled states
can always be transformed into factorizable states by a unitary transformation that
alters the tensor product structure of the Hilbert space. Ordinarily we construct the
Hilbert space for a combined system by forming the tensor product of Hilbert spaces
corresponding to the individual subsystems. In the photon/beam-splitter example one
sector would correspond to the photon and the other to the beam-splitter. However,
in order to analyze the interaction between systems it is usually more convenient to
redefine the variables involved in order to decouple the equations. This decoupling
implies a switch to a different tensor product structure.
For example, consider a system of two particles interacting through a distance-
dependent potential. In these situations the wave functions of the particles almost
certainly become entangled, but the factorizable description in which one wave func-
tion corresponds to the center of mass, and the other to the reduced mass does not
reflect the entanglement between the interacting systems. The redefinition of the
coordinates as Rcm =
m1r1+m2r2
(m1+m2)
and rrel = r2 − r1 is a rotation of the coordinates
in configuration space. This rotation is associated with a unitary transformation in
the Hilbert space that changes the tensor product structure. When one of the sys-
tems is macroscopic and the other microscopic one has m1 ≫ m2. This implies that
Mtot ≈ m1, µreduced = m1∗m2m1+m2 ≈ m2, and Rcm ≈ r1. If the center of mass is placed at
the origin then we also have rrel ≈ r2. Thus, it is very tempting to make the iden-
tifications suggested by the approximate equivalence, and to ignore the very small
entanglement between the interacting systems. But we must remember that this is
an approximation based on a deformation of the original tensor product structure.
In any accounting of conserved quantities of the individual subsystems, we must keep
7P= Tr(ρ2) where ρ is the reduced density matrix.
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track of possible exchanges brought about by the interaction between them. This
means that we must recognize the residual entanglement induced by that interaction.
It is worth emphasizing the critical role that interactions play in the argument
presented here. Since the question of whether a quantum state is entangled depends
on the way in which the total system is decomposed into subsystems we need a crite-
rion to pick out the “correct” decomposition. With reference to the simple, two-body
example just described the way in which the interaction selects the desired decom-
position can be seen by considering the potential energy term. In the factorizable
description, the potential term acts only on the reduced mass - not on the center-of-
mass term. In other words, it does not represent an interaction. As a consequence,
the momentum associated with the center of mass is constant, but the momentum
associated with the reduced mass is not. When the momenta of the two components
are added, it does not appear that overall momentum is conserved. In other words,
even when only the unitary evolution of the system is considered, there is an appar-
ent violation of the relevant conservation law.8 If we want to address the question
of how the conservation laws are affected by measurement processes we must first
insure that, under unitary evolution, the total system is decomposed in such a way
that when the relevant quantities of each of the component subsystems are added
compliance with the laws is fully manifest. This requires that the potential energy
terms explicitly describe the interactions.
In order to determine whether the conservation laws are respected by wave func-
tion collapse one must also determine the basis in which the collapse occurs. Again,
the interactions play a central role in this determination. Once the correct tensor
product structure of the total system is picked out, one can further parse the state
into interacting and noninteracting components.9 Variations in the strength of the
interactions lead to both distinct entangled branches and to differences in the amount
of conserved quantities exchanged between the interacting systems. Thus, the inter-
actions pick out a natural basis in which to consider the effects of (possible) collapse.
This type of decomposition corresponds closely to what has been described by Zurek
as the “pointer basis”[10, 11]. (We will also see later that, in order to insure con-
servation in measurement processes, the collapse should be induced by interactions,
and that the relevant operator in the stochastic extension of the Schro¨dinger equation
that describes collapse should be constructed from the interaction potentials.)
The examples presented above have dealt with the conservation of momentum
and energy. Let us now consider some situations involving angular momentum.
To maintain conservation laws in nonrelativistic theory the interaction potentials
must depend only on the distance between component systems. This insures that any
exchanges of momentum are in the direction defined by the line between the systems
8This situation is usually dealt with by simply labeling the center-of-mass momentum as the total
momentum, and noting that it is constant. The nonconservation of the momentum of the reduced
mass is ignored.
9In Section 5, the distinction between “interacting” and “noninteracting” will be made precise.
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involved. This is how orbital angular momentum is conserved. However, since con-
served quantities are reallocated in a nonlocal manner by wave function collapse it
might seem that there is a chance that the collinearity requirement could be violated
by the reallocation. One can see that this does not happen by considering, again,
the points that were made in discussing the conservation of momentum earlier in
this section. When the wave function collapses, the effects of the interactions that
generated the entanglement with the unrealized branches are undone, and the effects
of the interactions with the selected branch are enhanced. The only traces of mo-
mentum exchanges that remain in the physical record are consistent with collinearity,
and thus orbital angular momentum is conserved. This is shown in more detail in
the next section in which the illustrative arguments of this section are generalized by
analyzing the evolution of interacting (and collapsing) systems in configuration space.
Of course, the characterization of interactions strictly in terms of distance-dependent
potential energy functions means that the preceding discussion cannot fully describe
magnetic effects. This is to be expected since magnetism can be seen as an essen-
tially relativistic phenomenon, and since the nonrelativistic Schro¨dinger equation is
somewhat limited in its ability to accommodate magnetic fields. Nevertheless, even
though the general argument in the next section is set in a nonrelativistic framework,
there are reasons to believe that the ideas can be extended to relativistic situations
since they are also governed by symmetries that guarantee conservation laws. The
following example, qualitatively similar to those given above, illustrates this point.
It involves the conservation of angular momentum in a situation involving spin and
magnetic fields, both of which are fundamentally relativistic in character.
The analysis of situations involving spin (or intrinsic angular momentum) is
complicated by the need to consider multi-component wave functions. The multi-
component character of the wave function forces us to examine more carefully how
the superposition principle affects the evolution of entanglement between two systems
that are interacting. This examination also emphasizes, again, the need to treat both
microscopic particle and macroscopic apparatus as interacting quantum systems.
The original Stern-Gerlach experiment[12, 13, 14] used spin-1
2
particles with un-
known initial states. However, before considering this more general situation it will
be easier to begin the discussion by assuming that the particles have been previously
placed into an x-up state (parallel to the direction of motion). The inhomogeneous
magnetic field of the S-G apparatus is in the z-direction and separates z-up and z-
down components of the x-up particles. Downstream detectors then measure the
z-spin state, collapsing it to one of the two possibilities. Since the collapse seems to
eliminate any information about the phase relationship between the z-spin branches,
it might not be obvious how the x-up angular momentum could be conserved.
The apparent elimination of relative phase information comes about because de-
scriptions of Stern-Gerlach experiments typically treat the apparatus and magnetic
field as classical entities. The Pauli equation describes the spin-1
2
particle with a two-
component wave function that is acted on by the magnetic field of the apparatus. This
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action is represented by the relevant term in the Hamiltonian: − q~
2mc
σ ·B
[
φ1
φ2
]
. In
this representation the (external) magnetic field acts on the two components of the
particle wave function, but these components do not act on the apparatus. Thus, any
information about the relative phase differences that distinguish an x-up state from an
x-down state appears to be lost when one of the two z-spin branches is subsequently
detected.
The approximate, semi-classical description of the action treats the S-G apparatus
as simply separating the z-up and z-down components of the particle state. In a
more complete description the wave function would include both the particle and the
apparatus as quantum systems, and the Hamiltonian would reflect the interaction
between these two systems. A sufficiently detailed account of the interaction would
show that the effect of the particle on the apparatus is different depending on whether
it is initially in an x-up or x-down state.
The crucial point is that the the magnetic effects of the z-up and z-down com-
ponents on the state of the apparatus will differ (very slightly) depending on their
relative phases (corresponding to an initially x-up or x-down state).10 According to
[1], [2], and [3], subsequent to the interaction between the apparatus and particle
there must be some entanglement between them. This can be represented as
(1/
√
2)(|Pup〉|z−up〉+ |Pdown〉|z−down〉), where P represents the (preparation) S-G
apparatus.
The resulting combined state will vary depending on the initial phase relationship
of the z-spin components, and, hence, must contain the initial phase information.
(Note also that, since at this stage prior to any collapse the evolution is unitary,
the x-angular momentum of the combined system must be conserved.) This means
that as the |z − up〉 and |z − down〉 branches are deflected upward or downward,
either some rotational motion about the x-axis must be induced, or the x-angular
momentum must be transmitted to the apparatus.
Although the magnetic field is asymmetric the interactions between the |z − up〉
and |z − down〉 branches and the apparatus are generally similar. Therefore, the
information about the initial x-angular momentum is shared, approximately equally,
between the two component states, |Pup〉|z−up〉 and |Pdown〉|z−down〉. So these two
correlates reflect the conversion of an initially x-up (or x-down) state to either a z-up
or z-down state. Roughly speaking, for the case of an initially x-up particle, they
would be equivalent to the rotation of the x-up particle to a z-up state by a clockwise
rotation about the y-axis (or some equivalent set of rotations) and a counterclockwise
rotation to a z-down state. For an initially x-down state these rotations would be
reversed. (If it had been in a z-up state there would be a simple deflection.) So, in
the case of an initially x-up state that is subsequently detected in a z-up state the
apparent creation of z-up angular momentum is actually supplied by the torque that
the apparatus exerts on the spin state of the particle, and the apparent elimination
10The absence of, say, a z-down component would also result in a different apparatus state.
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of x-up angular momentum is, in reality, a transfer of angular momentum from the
particle to the apparatus (or to a rotational motion about the x-axis).
This argument can be extended to cases in which the state of the system to be
measured is unknown prior to its interaction with the preparation apparatus. The
assumption of a specific phase relationship between the z-up and z-down components
of the spin-1
2
particle was convenient for the purposes of illustration, but it was not
really essential. If one assigned the components arbitrary amplitudes of α and β then
the superposed effects of the particle components on the preparation apparatus would
result in superposed apparatus states corresponding to appropriate rotations of the
initial particle spin state to z-up and z-down states. Angular momentum would again
be conserved.
To avoid confusion over the fact that the x-angular momentum and the z-angular
momentum do not commute, recall from Section 1 that the way in which these quan-
tities are being defined is as q = 〈ψ†| Q|ψ〉, where ψ is taken to represent the total
system. The noncommutativity of two quantities simply prevents a system from si-
multaneously being in an eigenstate of both. The more general definition of these
quantities can be applied to any pure state.
These examples have focused on the exchanges between the measured system and
the preparation apparatus because these are more likely to be ignored in discussions of
conservation laws than the exchanges involving the measurement apparatus. Clearly,
the same general sorts of exchanges can occur during the measurement interactions.
These have been more frequently recognized since the effects of the measured system
on the measurement apparatus are very obvious. The overall point is that when the
total system consisting of the preparation apparatus, P, the measured system, S, and
the measurement apparatus, M, is considered (along with incidental environmental
interactions and prior relevant interactions involving S), the total energy, as well as
all components of the momentum and angular momentum are the same before and
after the sequence of interactions that culminate in the measurement.
We must now consider the extent to which the analysis based on these somewhat
idealized examples can be generalized. In many measurement situations the “prepa-
ration apparatus” is not as readily identifiable as in the cases examined above. To
make the argument as inclusive as possible let us look at some situations in which
there are two successive measurements resulting in wave function collapse, with no
intervening interactions. For definiteness, we can consider (approximate) position
measurements.11
First, it must be shown that the demonstrations in [1], [2], and [3] that entan-
glement is a generic result of interaction can still be applied to this situation. This
is necessary because one typically regards the initial wave function collapse as elim-
inating previously existing entanglement relations. To see that some residual entan-
glement between the measured system and measuring apparatus persists after the
11In practice, almost all measurements can be construed as this type of measurement. This is due
largely to the fact that the interactions that constitute measurements are distance-dependent.
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initial collapse, note that the relationship between them is essentially the same as it
would have been if the measured system had been in an eigenstate12 of the relevant
observable prior to the interaction with the instrument. In this situation there would
have been no collapse, and one would expect that the interactions that constitute the
measurement would result in some entanglement.
In the initial measurement the wave function is localized in a very small region.
The collapse induced by the measurement effectively truncates the wave function that
existed prior to the measurement, and thus eliminates most of the entanglement re-
lations that were generated before the first measurement. Because the resulting wave
function is highly localized it must consist of a large number of momentum states.
For the most part these momentum states are induced by interactions of the particle
with the measurement apparatus. The generation of these components of the particle
wave function by the apparatus implies some amount of entanglement between the
resulting apparatus and particle states. This means that the conclusions of [1], [2],
and [3] about the connection between interaction and entanglement still apply, even
though we ordinarily think of a measurement as leaving the combined system in a
product state. As in the situations involving interactions between a system to be
measured and a preparation device the resulting state is only approximately factor-
izable. The persistence of some entanglement between the apparatus and measured
system is demonstrated more formally in the next section.
After the initial measurement the various momentum components spread in differ-
ent directions, thus diffusing the wave function of the particle over a large area. The
subsequent detection by the second position measurement implies the selection of a
relatively small subset of these momenta, namely, those consistent with the transmis-
sion of the particle from the initial measurement to the subsequent detection (as we
saw with the spreading Gaussian wave packet in the previous section).13 As pointed
out above, these momenta are entangled with the state of the first measurement ap-
paratus. Thus the second collapse of the particle wave function also collapses the
state of the initial measurement device.
Note that, although the second measurement selects a small subset of the momenta
constituting the particle wave function, the change that is induced in the state of the
first measurement apparatus is quite small. The mass of the apparatus greatly exceeds
that of the measured system, typically by a factor of 1020 or more. Furthermore, in
order to measure the particle’s position with a given amount of precision, the position
of the apparatus must be determined much more precisely. So, even in the case of a
very energetic particle, the distribution of momenta in the apparatus wave function
will easily dwarf the total momentum of the particle.
A related issue that merits some discussion was touched on briefly after the presen-
12In almost all cases “eigenstates” of elementary systems are actually approximate eigenstates
since there is nearly always some residual entanglement with larger systems.
13The re-localization of the particle also introduces new momentum components, but these can
be attributed to the local interactions with the second measurement apparatus.
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tation of the example involving the photon, beam-splitter, and momentum conserva-
tion. It concerns possible differences in conserved quantities between the orthogonal
states that existed prior to the interaction with the preparation apparatus. In the
spin angular momentum example presented earlier these would correspond to the z-up
and z-down components, and in the beam-splitter example these would correspond
to predecessor photon component states (possibly differing polarization states) that
were either transmitted or reflected. In the beam-splitter case, it is obvious that the
differences in momentum of the two branches originate with the interaction between
the photon and the beam-splitter, and the exchange in momentum makes it quite
clear that there are two, very slightly different beam-splitter states, indicating some
small degree of entanglement. In the spin angular momentum example the interac-
tion between the S-G apparatus and the incident particle accounts for the changes
in angular momentum. However, it is possible that there were conserved quantities
other than those that were the main focus of the discussion that differed between the
predecessor states. It is important to see how conservation can be insured for these
other quantities. The argument to show this proceeds in a manner quite similar to
what has already been presented.
In the beam-splitter example there are two orthogonal predecessor states, one of
which is transmitted and the other reflected. These can be labeled, |tp〉 and |rp〉.
If there are differences in some conserved quantity between these two states then
there will be some entanglement between the photon and the emitting device, and
subsequent to the interaction with the beam-splitter there will be some entanglement
between the beam-splitter and the emitter. Therefore, when the photon/beam-splitter
state collapses to the state corresponding to reflection, the emitter is also involved
in the collapse, and the quantities exchanged in the original emission are readjusted
accordingly.
It might seem at first that there is a danger of an infinite regress involved in
the chain of entangled systems affected by the collapse. However, as described a few
paragraphs back, earlier measurement-induced collapses greatly reduce the amount of
entanglement due to earlier interactions, thus limiting the extent of collapse effects. A
more formal argument on this point is presented very briefly in the following section.
To summarize, these illustrations have been intended to show how conservation
laws can be strictly respected in measurement situations involving wave function
collapse, even when the value of the conserved quantity attributed to the measured
(sub)system is obviously changed. The redistribution of the relevant quantities within
the total, entangled system including preparation apparatus, measurement instru-
ment and, possibly, others can fully account for apparent differences. The resulting
physical situation is one in which the conserved quantities, computed across all rele-
vant systems as described in Section 1, are the same after the collapse as they were
prior to the initial interaction with the preparation system.
The argument so far has been made through examples. In the next section it
will be generalized for nonrelativistic situations by carefully tracing, in configuration
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space, the evolution of the overall states of systems that interact and then collapse.
4 Entanglement, Collapse and Conservation in Con-
figuration Space
The claim that conservation laws are strictly respected in individual instances of
wave function collapse presupposes that they hold for all cases of unitary evolution.
As noted above, in nonrelativistic theory this means that all exchanges of conserved
quantities are mediated by conservative potential energy functions. To insure strict
conservation these must be functions of (relative) position only. To examine the
effect of measurement processes on the conservation laws it is also necessary that all
systems be treated as quantum systems. There must be no classical boundary or
external potentials.
The reason that many people suspect (or assume) that wave function collapse leads
to a violation of conservation laws in individual experiments is connected to the notion
that measurements result in projection to one of several superposed eigenstates that
make up the wave function, and that these eigenstates are associated with distinct
eigenvalues. In Section 1 it was argued that due to fact that measured systems
always have pre-existing entanglement relations this view is far too restrictive. To
address this problem I described a more general method for calculating the value of
the conserved quantities of a particular quantum state. However, this redefinition,
by itself, does not eliminate the appearance of a violation of conservation laws. To
illustrate this, in Section 2 it was shown that the values of momentum associated with
different, approximately localized segments of a spreading Gaussian wave packet can
vary in a way that depends on x and t. The fact that conserved quantities can vary in
this manner across a wave function shows that when elementary systems are viewed as
being in pure product states, the appearance of a violation persists. The examples of
Section 3 were intended to show that: (1) apparent differences in conserved quantities
are attributable to prior interactions with a preparation (or measurement) apparatus,
(2) that these interactions generate entanglement relations with the apparatus, and
(3) that when these relations are properly taken into account the apparent differences
are compensated for by corresponding differences in their entangled partner states;
hence, there is no violation of conservation laws in measurement processes. The goal
here is to go beyond the examples of the previous section, and present a general
argument by tracing the evolution of the wave functions of interacting systems in
configuration space. It is the intimate link between the generation of entanglement
and the exchange of conserved quantities through interactions that is the key to
establishing the fundamental claim of this paper. We can begin the argument by
exploring this link in more detail.
Consider two systems, φ(~x) and χ(~y), that are initially unentangled with each
other. (We allow the possibility that they have pre-existing entanglement relations
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with other systems.) They will become entangled if they interact through some
potential, V (~x, ~y) with a nonzero gradient, ∇V (~x, ~y) 6= 0. Initially, the combined
state, ψ(~x, ~y), can be expressed as a product state, φ(~x)χ(~y), but this pure product
structure is altered by the interaction as one can see by examining the potential
energy term in the Schro¨dinger equation, dψ(~x, ~y) /dt = (−i/~)V (~x, ~y)φ(~x)χ(~y).
The variations in V (~x, ~y) lead to the development of entangled branches. These
same variations in V with (~x, ~y) are also responsible for the exchanges of momentum,
energy, and angular momentum. These variations in V generate both the differences
in the amounts of conserved quantities that are exchanged, and the separation of the
combined wave function into distinct entangled branches.
Within each component of this “natural” basis picked out by the interactions (as
described in Section 3) all changes in the relevant quantities are consistent with the
conservation laws since an increase in the quantity by one interacting subsystem is
matched by a decrease in the quantity by the other. The next step is to show that
the eventual collapse of the wave function selects one of the branches in the “natural”
basis. We can begin by examining how the relationship between entanglement and
the exchange of conserved quantities is represented in configuration space. One way
to do this is by tracing the evolution of the systems in the Feynman path integral
(FPI) formulation of (non-relativistic) quantum theory[15].
In the FPI formulation the amplitude of ψ(~x, ~y) at any point, (~x, ~y), is the sum
of all of the interfering paths that pass through the point. The action associated
with each path reflects the history of interactions between exactly those segments of
the two systems that contribute to the net amplitude. The relative contributions of
interactions at various points depend on how the paths interfere - constructively or
destructively - at the point under consideration. So we see that the components, φ(~x)
and χ(~y), of ψ(~x, ~y) at any point share a common history. Hence the only changes
of conserved quantities in these segments of the wave function result from exchanges
between exactly these segments. So the distinct localized regions in configuration
space correspond to the components of the natural basis described above. Within
each local region (that is, entangled branch), the exchange of the relevant quantities
is consistent with conservation laws.
Subsequent to the interaction between the systems, φ(~x) and χ(~y), suppose that
a measurement of φ(~x) is made around some point, ~x0. As a result, the combined
wave function, ψ(~x, ~y), is collapsed either to a narrow “strip” in configuration space,
≈ ψ( ~x0, ~y), or to the complementary component outside this strip. So only the
portion of χ(~y) that lies within this strip (or outside it) survives. The surviving
portion, χ′(~y), includes exactly those components that have exchanged conserved
quantities with the surviving component, ≈ φ( ~x0), (or its complement). This picture
matches the description of the natural basis given above. Therefore, the record of
exchanges in the remnant, ≈ ψ′(~x, ~y), is consistent with conservation for this branch
of the wave function.
What is required to fill out this picture is an account of the collapse in terms
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of elementary processes. This account will be based on the assumption that wave
function collapse is induced by the kinds of entangling interactions that constitute
measurements. To implement this assumption a stochastic collapse equation based
on a collapse operator constructed from the interaction potentials will be presented
in Section 5. The collapse can then be described as a random walk that proceeds in
a binary fashion by segmenting the wave function into portions that are above and
below the average interaction potential, and transferring amplitude between them.
Since conservative interaction potentials are position-dependent the gradients of these
potentials which generate entanglement naturally separate the branches into approx-
imate position states, corresponding to the natural basis described above.
One critical consequence of this approach is that, when examined at a very fine-
grained level, a collapse will always leave the wave function in a partially entangled
state. This is important because a central premise of the argument presented here
is that measured systems always have some pre-existing entanglement relations. To
see that this is insured by the approach taken here, note that in order to generate
entanglement and collapse there must be a nonzero gradient in the interaction po-
tential. Strictly speaking, in any region in configuration space in which the gradient
is nonzero each point represents a different entangled branch. Since the potential is
distance-dependent it must vary in a continuous fashion. Given the way in which
the stochastic operator was described above, the border of the region that defines the
eventual collapse must lie in areas where the gradient is nonzero. Hence, the surviving
portion of the wave function must include segments with a varying potential, which
implies some degree of entanglement.
Not only does some entanglement between the measured system and the appara-
tus persist after the collapse, this entanglement also accounts for virtually all of the
differences in conserved quantities among distinct localized segments of the measured
system’s wave function. Typically, the system that induces the collapse is much larger
than the measured system, and there is an extremely large number of interactions
involved in the measurement process. The conserved quantities that characterize the
measured system after the collapse are almost entirely attributable to exchanges with
the apparatus. Therefore, any differences in these quantities among the resulting
component states of the measured system must reflect entanglement with (slightly)
different states of the apparatus.14 So, the individual branches of the complete en-
tangled wave function differ only in the way in which these quantities are distributed
among their constituent subsystems. Thus, after the collapse, the conserved quanti-
ties are (essentially) the same in all branches of the combined wave function (up to
normalization). This implies that when a subsequent collapse of a previously mea-
sured system selects a particular entangled branch there is no violation of conservation
laws. To complete the argument we need just one additional assumption: that in a
system of many interacting particles, virtually all particles will have undergone a
14As discussed earlier, the differing states of the larger system are not orthogonal. Extremely small
variations in the states of the large system can fully account for variations in the target system.
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localized collapse several times in the past.
Some assumption of this sort is both necessary and reasonable. The goal here
is to show that interaction-induced collapse is consistent with strict conservation.
While it is possible to describe initial conditions that would lead to violations, it is
not possible to describe how those conditions could be experimentally verified without
simply ignoring consideration of how they can be brought about and the entanglement
relations that would ensue from that process.
The discussion here has focused largely on momentum, but the extension to the
other conserved quantities is straightforward. As stated earlier, the conservative
nature of the potentials implies that all exchanges of momentum are along the line
joining the points between which momentum is exchanged, so conservation of orbital
angular momentum follows immediately. Energy is exchanged in exactly the same
interactions as momentum. The state of the combined system after a collapse reflects
a physical record that is completely consistent with all three conservation laws.
Since this argument has been rather involved it is worth summarizing the princi-
pal points here.
(1) Interactions are responsible both for the exchange of conserved quantities and for
the generation of entanglement between systems. (This is evident from inspection of
the two-particle Schro¨dinger equation.)
(2) The branches of the combined wave function that result from the interactions
form a “natural” basis in which to express the entanglement relations. Exchanges of
conserved quantities within these branches are completely consistent. These branches
correspond to local regions in configuration space.
(3) Measurements typically collapse the wave function of the measured system to an
approximate position state. The collapse also affects any systems entangled with the
measured system by selecting the branch that is correlated with the surviving branch
of the measured system.
(4) The branches selected by these collapses (to approximate position states) also
correspond to local regions in configuration space.
(5) This indicates that the collapse process should be tied to the entangling interac-
tions that generate the natural basis. This idea can be implemented in a stochastic
collapse equation using a collapse operator constructed from the interaction poten-
tials.
(6) The way in which the collapse operator is constructed insures that some entangle-
ment between the measured system and the measuring apparatus persists after the
collapse.
(7) This entanglement accounts for nearly all of the variation in conserved quantities
among different localized segments of the measured system’s wave function.
(8) Once all components of a system of many interacting particles have undergone sev-
eral instances of localized collapse, the conserved quantities are essentially the same
in all of the branches in the natural basis. The branches differ only in the way in
which the quantities are distributed among the subsystems. Thus, strict conservation
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is assured in any subsequent collapse of the wave function.
It is also worth noting that the demonstration that the conserved quantities that
characterize a measured system are almost completely due to exchanges with the
system responsible for the most recent collapse supports the argument that the effects
of collapse on subsystems with previously established entanglement relations diminish
with each subsequent collapse.
Before closing this section a few limitations of this analysis should be mentioned.
Since the evolution of interacting systems has been described in configuration space,
it is clearly limited to nonrelativistic situations. As argued briefly in the previous
section it is reasonable to believe that the claim concerning strict conservation can
be extended to relativistic theory. The argument depends essentially on conserved
quantities being shared by entangled systems. In some respects entanglement plays an
even greater role in relativistic theory since particles are created in local, conservative
interactions. As also noted in the previous section most magnetic interactions are
left out of the analysis since they cannot be fully characterized in terms of scalar
(distance-dependent) potentials.15
Given the demonstration here that it is possible for a process of wave function
collapse that is induced by interaction to maintain strict conservation, it is worthwhile
to take a brief look at how other views of what happens during quantum measurements
deal with the issue. This is done in the next section, after which I show how the
hypothesis of interaction-induced collapse can be implemented by adding a stochastic
term to the Schro¨dinger equation. This term generates random shifts in amplitude
among various segments of the wave function, proportional to the strength of the
potential, in a way roughly similar to the shifts in phase and amplitude that are
brought about by the potential term in the ordinary Schro¨dinger equation. Even
though the evolution is not strictly unitary, the overall normalization of the wave
function is preserved by the additional stochastic term, thus insuring conservation of
probability.
5 Implications for Quantum Measurement
Given the central role of conservation laws in physical theory one would like to see that
they hold, without qualification, in all circumstances. The preceding argument for
this possibility was developed by treating the apparent collapse of the wave function
that occurs during quantum measurements as an actual physical occurrence. Let us
now look, very briefly, at how some other approaches to understanding the quantum
measurement process deal with the issue of conservation laws.
One very general way of classifying various views concerns whether they regard
the role of the state vector as epistemic or ontological. Clearly, the assumption that
wave function collapse is a real effect implies that the state vector is a genuine phys-
15Although some magnetic dipole interactions can be described with scalar potentials.
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ical entity. Since epistemic interpretations do not view the wave function in this
manner it could be argued that they are less firmly committed to strictly maintaining
conservation laws in all situations. Therefore, to the extent that some ontological
interpretations are not fully compatible with strict conservation, this could be re-
garded as an advantage for the epistemic viewpoint. The argument presented in the
previous sections could eliminate that advantage, at least in relation to some accounts
that explicitly incorporate wave function collapse. Given the complexity of the epis-
temic/ontological relationship, I will not attempt to examine it further in this note,
and will turn instead to look at the implications for some ontological interpretations.
Ontological interpretations of the state vector can be broadly categorized as either
collapse or no-collapse accounts. No-collapse versions include Everett-type “many
worlds”)[16] approaches and pilot wave (deBroglie-Bohm)[17, 18] theories.16
The assumption that the state vector does not collapse means that it evolves in
a strictly unitary manner according to the Schro¨dinger equation. Since conservation
laws follow from unitary evolution in a very straightforward way, this is often regarded
as an advantage for no-collapse views. But this has to be looked at more closely since
the conservation that is predicted by unitary evolution is not the conservation that
is observed.
Under strictly unitary evolution, as interactions occur they generate more and
more entangled branches of the state vector. In the Everett approach each suitably
delineated branch corresponds to a separate “world”. Observations are restricted
to individual worlds. But the strict conservation of energy, momentum, and angular
momentum that follows from unitary evolution holds only in the “multiverse”, the vast
majority of which is not accessible to observation. Consistency between observation
and the conservation laws is only obtained by continual rescaling of the state vector
and the relevant quantities.
Although the ontology of pilot wave theories is quite different, the relationship
between observation and conservation laws is generally similar. In this approach, the
wave function propagates (unitarily) in a very high dimensional configuration space.
Under a very simplified description of the deBroglie-Bohm approach, a particular
system point in configuration space is selected which is assumed to indicate the po-
sitions of particles in physical space. One can envision the configuration space being
extended in the time dimension so that the probability current defined in terms of
the wave function generates flow lines in the extended space. The system point then
follows whatever flow line it is on. All interactions are described by the Hamiltonian
which determines the evolution of the wave function. Observations are restricted to
the interactions that occur in the immediate vicinity of the system point. As in the
many-worlds approach, an effective rescaling of the wave function and “conserved”
quantities is required to achieve consistency.
In contrast to the no-collapse interpretations, wave function collapse implies that
16Decoherence accounts can be viewed as either variants of the many-worlds approach, or as
epistemic interpretations.
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the evolution of the state vector is not completely unitary. Measurement processes
effectively truncate the wave function and readjust the distribution of momentum,
energy, and angular momentum. This general approach to understanding measure-
ment suggests that it should be possible to give a theoretical description combining
unitary and nonunitary evolution in strict adherence to conservation laws without ad
hoc adjustments to the calculation of the relevant quantities. The conservation that
is observed would be completely consistent with the conservation predicted by the
theory. However, whether strict conservation can be maintained depends on how the
collapse is assumed to come about.
The projection postulate of von Neumann[19] states that measurements on quan-
tum systems result in wave function collapse, but it gives very little indication of how
collapse is connected to fundamental physical processes. To deal with this explana-
tory gap a number of stochastic collapse equations have been proposed to explain
collapse at a more fundamental level. However, the most widely discussed versions
of stochastic collapse do not appear to reproduce strict conservation in individual
experiments. Some of them even violate the conservation laws when averaged over a
large number of cases, at least as far as observable effects are concerned.
Stochastic collapse equations begin with the (unitary) Schro¨dinger equation in
the form, |dψ 〉 = (−i/~)Hˆ|ψ 〉dt, and then add nonunitary, stochastic modification
terms. The additional terms are chosen to reproduce Schro¨dinger evolution (to a very
good approximation) for microscopic systems, but to yield reduction to an (approx-
imate) eigenstate of the measured observable for macroscopic systems. (“Measured”
can refer to either actual measurements in a laboratory, or measurement by environ-
mental interactions.) There is a substantial body of literature devoted to this subject;
some of the main papers include[20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31].
A good general discussion of norm-preserving stochastic collapse equations is pro-
vided by Adler and Brun[32]. With ~ set to 1, one of the fairly general forms they
arrive at can be represented as: |dψ 〉 = −iHˆ |ψ 〉dt− 1
2
∑
k βˆ
†
kβˆk|ψ 〉dt+
∑
k βˆk|ψ 〉dξk.
The βˆk are nonlinear operators constructed from Lindblad operators, Lˆk, with
βˆk = Lˆk − 〈Lˆk〉. This formulation uses the Itoˆ stochastic calculus, in which the dξk
are independent, complex Wiener (Brownian motion) processes. The mean of these
processes is assumed to be zero, and the Itoˆ calculus rules state that dξ∗j dξk = dtδjk,
dtdξk = 0. Thus the dξk have the units: (dt)
1
2 .
For this application the Lindblad operators are usually taken to be self-adjoint.
Typically, they correspond to a particular type of observable; the idea is that the
wave function will eventually collapse to an eigenstate of that observable. What
differentiates various approaches to stochastic collapse is the choice of operator type.
The two approaches that have been most prominent seek to reduce ψ either to an
approximate position state, or to an energy eigenstate. The problem for position-
based approaches in regard to conservation laws is that the narrowing of the wave
function implies an increase in energy. It has been proposed that this energy could
be supplied by a randomly fluctuating classical field[34], but this field is not directly
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observable. The energy eigenstate approach was originally suggested by Gisin[27] and
has been developed extensively by Hughston and Brody[33]. In it the βˆk operators
are constructed from the Hamiltonian. It does conserve energy on average, but not
in individual experiments.17
In order to develop a collapse equation that fully respects conservation laws we
need to view wave function collapse as the selection of one entire branch in a system
of entanglement relations, rather than as just the picking out of a particular eigen-
state of the measured subsystem. We also need to focus on the interactions between
subsystems that are responsible for the exchange of conserved quantities, and for the
generation of the entanglement relations. These relations are what mediate collapse,
but the way in which they do so depends on the definition of the collapse basis. As
argued in Sections 3 and 4, the collapse basis should be defined in terms of the in-
teractions that generated the relations.18 In other words, the collapse operators, βk,
should be constructed from the interaction potentials.
The effect of the operators should also be scaled to reflect the degree of entangle-
ment that is generated by the interaction. As noted earlier, the entanglement between
the measured system and the preparation apparatus is extremely small, while that be-
tween the measured system and measurement apparatus approaches a maximum prior
to the complete collapse. The scaling can be done by dividing the interaction poten-
tial by the combined mass of the interacting systems. Define Vˆ ′ = ∑ij Vij/(mi+mj),
where Vij is the interaction potential between system i and system j, and mi and mj
are their masses. What distinguishes an apparatus used for preparation from one
used for measurement is in the way that measured subsystems interact with them.
Since instruments used to prepare a system are designed not to be affected to any
noticeable extent by the interaction, a Schro¨dinger equation describing the prepa-
ration process would characterize the interaction with a single potential and a very
large apparatus mass. In contrast, measurement processes involve a chain or cas-
cade of interactions between the measured system and very small components of the
measurement instrument.
By defining Vˆ ′ as above we need only one collapse operator, simplifying the
stochastic equation to: |dψ 〉 = (−i/~)Hˆ|ψ 〉dt − 1
2
βˆ†βˆ|ψ 〉dt + βˆ|ψ 〉dξ. The rea-
son for explicitly reinserting ~ here is to draw attention to the dimensional properties
of the equation. In order to maintain overall consistency, the expression, βˆ|ψ 〉dξ,
must be dimensionless. This can be achieved by defining Vˆ = Vˆ ′/(c2√τo), and set-
ting βˆ = Vˆ − < Vˆ >. Here c is the speed of light, and τo is a time parameter that
helps to determine the collapse rate. Since this discussion has been framed mainly in
nonrelativistic terms, c serves simply as a convenient notation; it does not carry its
usual significance as a limiting speed. However, given the ratio of ordinary interaction
17An alternative collapse proposal based on discrete time has been put forward by Gao[35, 36].
18Although its approach to the quantum measurement problem is fundamentally different from
that advocated here, the decoherence program describes the collapse basis in essentially the same
way.[10, 11]
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energies to energies represented by expressions like mc2, it does remind us that we
expect the collapse-inducing effect of individual elementary interactions to be very
small.
The fact that the stochastic operator, βˆ = Vˆ − < Vˆ >, has been constructed
from operators, Vij, that do not commute with the full Hamiltonian might raise
concerns about whether collapse processes described by the proposed equation can
completely conserve energy[34, 31]. These concerns have been addressed in Section
4 by the demonstration that total conserved quantities are the same in all branches
of the wave function in the preferred basis picked out by the interactions. Given this
demonstration, all differences in kinetic energy among the various branches are trace-
able to differences in the interaction potentials that generated the distinct branches.
Any particular branch (or set of branches) would show a history of exchanges that is
completely consistent with conservation laws.
Conservation laws can be maintained in individual instances of wave function
collapse if the collapse process is tied directly to the interaction potentials because
it is these potentials that mediate the exchange of momentum, energy, and angular
momentum between systems. It is the variations in the potential energy, V , that
generate variations across the wave function, and thus create entanglement. In the
stochastic modification proposed here, these same variations are tied to the enhance-
ment or reduction of different entangled branches, and hence, lead directly to the
enhancement or reduction of the exchanged quantities. This enhancement or reduc-
tion also extends to quantities exchanged in the earlier interactions that generated
entanglement relations.
In the collapse equation proposed here the type of state to which the wave function
collapses is determined by the particular arrangement of interactions designed into the
measurement instrument. The observable to which the relevant states correspond can
vary, but it is again worth noting that since the interaction potentials are distance-
dependent, measurement results typically approximate position eigenstates.
The argument for this version of the collapse equation has been based on the
possibility of maintaining the conservation laws under all circumstances. The same
formulation is argued for separately in [37] based on the no-superluminal-signaling
principle. That work provides a more comprehensive discussion of the issues surround-
ing quantum measurement, and, in particular, it addresses the problem of reconciling
the nonlocal nature of wave function collapse with relativity.
6 Discussion
The projection postulate states that measurements on quantum systems induce wave
function collapse. I have argued that if measurement-induced collapse is taken as
an integral part of quantum theory, and if the theory is consistently applied then it
can be shown that conservation laws are fully respected in measurement processes.
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Consistent application means that all systems must be described in strictly quantum
terms. In addition to the measured system this includes the preparation and mea-
surement apparatus, along with any other systems with which they have interacted
in a relevant way. Consistent application also means that the collapse process must
originate in the kinds of entangling interactions that constitute measurements. The
key to the argument is the recognition that the interactions among these systems
are responsible both for the exchange of conserved quantities and the generation of
entanglement relations.
The recognition that conserved quantities are almost always shared among entan-
gled systems forces a new perspective on the way in which these quantities should
be calculated. The conventional notion that a system must be in an eigenstate of an
observable for the corresponding quantity to be well-defined is far too limiting. Since
the superposition principle is central to quantum theory, there is simply no reason
not to calculate these quantities by integrating over superpositions of eigenstates.
This more inclusive form of calculation permits the assignment of these quantities in
virtually all situations, and it makes possible a much more comprehensive discussion
of conservation laws.
The fact that entanglement is what mediates wave function collapse is what allows
this nonlocal process to be consistent with conservation laws. But, it also forces us to
adjust our view of the nature of wave function collapse. In many discussions, collapse
is treated, at least implicitly, as leaving the measured system in a pure product state.
This is too simplistic a view. The notion of projection to an eigenstate of a particular
observable should be seen as an idealized simplification of collapse to a branch of the
wave function. Although collapse eliminates most entanglement relations, the nature
of the interactions that induce it insure that some of these relations persist.
Perhaps the chief obstacle to considering wave function collapse as an integral part
of quantum theory is that its connection to elementary processes has been largely
shrouded in mystery. I have argued in the previous section that the requirement that
it must strictly respect conservation laws essentially determines the nature of this
connection. It implies that collapse is induced by the sorts of entangling interactions
that constitute measurements, and largely dictates the form of the stochastic collapse
modification of the Schro¨dinger equation.
There have been a number of arguments in favor of a limited connection between
entanglement and conservation laws in the literature. The original paper on en-
tanglement (EPR)[38] relies, at least implicitly, on the conservation of momentum.
Unnikrishnan has argued that entanglement follows from the need to respect conser-
vation laws on average for discrete quantized observables[39, 40]. What I have tried
to show here is that the connection between entanglement and conservation is both
broader and deeper than indicated by these examples, and that by exploiting this
connection we can come to a much more detailed understanding of what happens in
measurement processes.
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8 Appendix: Preparation Entanglement Measure
The entangled state used as an example in section 2 involved a photon, |γ〉, and the
mirror component of a beam-splitter, |B〉. A formula for the photon/beam-splitter
entanglement is derived here in order to illustrate that, although it is very small, the
entanglement is not zero. For these simple cases the relative von Neumann entropy[19]
serves as a useful measure of entanglement. It is defined as:
S(ργ) ≡ −Tr[ργ log(ργ)] = S(ρB) ≡ −Tr[ρB log(ρB)], where ργ and ρB are the
29
reduced density matrices. If the two branches of the photon wave function have equal
amplitudes, then the entangled state that results when one of the branches is reflected
by the mirror and the other is transmitted can be represented as
(1/
√
2)(|γr〉|Br〉 + |γt〉|Bt〉). Since |Br〉 and |Bt〉 are not orthogonal, to compute the
entropy one first does a Schmidt decomposition of the state into the form,
α|γa〉|Ba〉 + β|γb〉|Bb〉, where both the pairs, |γa〉 and |γb〉, and |Ba〉 and |Bb〉, are
orthogonal. The entropy is then given by −|α|2 log (|α|2)− |β|2 log (|β|2).
To perform the decomposition, we first represent the inner product between |Br〉
and |Bt〉 as |〈 Br |Bt 〉| = µ = 1−δ. Intuitively, one expects that δ ≪ 1. In a slightly
more formal way it can be noted that, in order to get a fairly “clean” reflection of the
photon, the position of the mirror must have an uncertainty much less than λ, where
λ is the wavelength of the photon. Hence, the representation of the beam-splitter
state in momentum space prior to reflection, |B0 〉, must have a spread much greater
than ~/λ where ~/λ is the momentum of the photon. So the change in the mirror
state resulting from the exchange of momentum with the photon must be very small.
The assumption that the amplitudes of the two photon branches are equal implies
a symmetrical form for the orthogonal states. (In general, calculating the Schmidt
decomposition is more complicated.) The unnormalized states are:
|γ′a〉 = |γr〉+ |γt〉 ; |γ′b〉 = |γr〉 − |γt〉 ;
|B′a〉 = |Br 〉+ |Bt 〉; |B′b〉 = |Br 〉 − |Bt 〉.
Using the inner product, |〈 Br |Bt 〉| = µ , to normalize the states we get:
|γa〉 = 1√2 [ |γr〉+ |γt〉 ]; |γb〉 = 1√2 [ |γr〉 − |γt〉 ];
|Ba〉 = 1√
2(1+µ)
[|Br 〉+ |Bt 〉]; |Bb〉 = 1√
2(1−µ)
[|Br 〉 − |Bt 〉].
Rearranging and substituting into the original form for the entangled photon-mirror
state, we get:
(1/
√
2)(|γr〉|Br〉 + |γt〉|Bt〉) =
√
(1+µ)
2
(|γa〉|Ba〉) +
√
(1−µ)
2
(|γb〉|Bb〉). So the coeffi-
cients in the Schmidt decomposition are:
α =
√
(1+µ)
2
=
√
1− δ
2
and β =
√
(1−µ)
2
=
√
δ
2
. Thus, the entan-
glement measure given by the relative entropy, −|α|2 log (|α|2) − |β|2 log (|β|2), is
−[(1 − δ
2
) log(1− δ
2
) + ( δ
2
) log( δ
2
)]. For δ ≪ 1, we can approximate by:
−[1 ∗ (− δ
2
) + ( δ
2
) ∗ log( δ
2
)] = (δ/2)[1− ln(δ/2)] , the form given in section 2.
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